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Q\ • Abstract 

i-^ I Comparing the results of finite energy and Borel transformed sum rules for the 

I ' difference of vector and axial vector current correlators we evaluate the instanton 

^^' contributions to the r hadronic width. In contrast to an explicit theoretical calcu- 

r~| ! lation we find that the instanton contributions to the r hadronic width are much 



smaller than the standard nonperturbative corrections. 
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I. Since it has been realised that an accurate theoretical calculation of r hadronic 
width is possible, considerable work has been done for improving the accuracy of experi- 
mental and theoretical determination of this observable. The main aim of these studies is 
to determine the QCD coupling Ug at the level of accuracy competitive with that at the 
Z" pole. The precision of «« measurement is mainly limited by the ignorance of 0{af) 
perturbative corrections. There are, however, nonperturbative contributions which should 
also be taken into account |jl|, ^, H, ^. 

The nonperturbative effects parametrised by QCD condensates [|| are estimated by 
means of the operator product expasion (OPE) in QCD vacuum. They were shown to be 
on the level of 0(1%) of r hadronic width [1-4]. 

Recently contributions due to instantons have also estimated f^, |^ . While in |0 they 
were found to be negligible, ref. |]^ resulted in quite sizeable instanton correction. This 
calculation, in spite of numerical uncertainties, leads to two disappointing consequences. 
First, it implies that nonperturbative contributions cannot be reliably calculated and thus 
puts limit to the accuracy of a^ determination. Next, the strong instanton contributions 
signal the breakup of the OPE series and can lead to considerable inconsistencies in QCD 
sum rules (SR) approach making the finite energy (FESR) [Q results incompatible with 
that of Borel transformed (BTSR) sum rules [^ . 

In the present paper we exlore the consequences of instanton calculations |0| for the 
difference of r decay widths into an even and an odd numbers of pions, which is an 
observable sensitive to the nonperturbative effects. We exploit the fact that in this differ- 
ence the perturbative contributions cancel out while nonperturbative effects are enhanced. 
Estimating instanton corrections for this quantity we are able to impose bounds on cor- 
responding contributions in r hadronic width. To evaluate the instanton contributions we 
use the observation that in BTSR they should be strongly (factorially) suppressed 
while they are present in FESR. Using the spectral densities extracted from experimen- 
tal data on tau decays, we compare the results obtained from FESR and Borel SR. At 
the present level of accuracy we see no sign of instanton conributions and thus conclude 
that nonperturbative effects in r hadronic width are mainly due to dimension 6 and 8 
condensates. 

II. Consider the difference of r decay widths into even and odd numbers of pions, 
normalized as usual to the leptonic decay width: 

V r(r ^ Ur + eVe) 

In the following we will be working in the chiral limit, which was also used for instanton 
calculations [0. Then the considered quantity can be expressed as 

/•A/2 Jg g 2s 



as 



Here ny_^(s) is the difference of the vector and axial vector current correlators, defined 
(-^'^V + gV)ny-A(g^) =i I d^xe-'^"" < 0|T[l^'^(x)l^''(0) - A^(x)A'^(0)]|0 > (3) 



with V^ = U'j'^d and A^ = U'j^'y^d, while -Iinllv-A{s) = p{s) is the difference of even- 
and odd-pion spectral densities, measured in r decays. In the following for the CKM 
matrix element we assume \Vud\ = 1 

Some time ago we have used the experimental data obtained by ARGUS collaboration 
for extracting the spectral function p{s) within certain quite general assumptions ^, 
1^. We have used explicitly linear fitting procedure, which allows to trace easily the 



propagation of experimental errors from differential invariant mass distributions to the 
weighted integrals over p(s). Substituting this spectral function into (0) we can estimate 
Rry-A- Let us use the notation of ref. |l|] 

R,y/A = (3/2)(l + 5' + 6t./A + S'v/a), (4) 

where 6^ stands for the perturbative correction and 6^,6^ represent dimension 6,8 con- 
densate contributions; Taking the difference ofdecay widths into vector and axial-vector 
decay channels, we obtain 

Rr,v-A = ^ (4- A + S'v-a) = 0.07 ± 0.05 (5) 

This value can be compared to the difference of branching fractions (|l|) obtained using 
recent ALEPH data 0: 

R^y_A = 0.02 ± 0.09 (6) 

The error quoted in (^ is obtained by summing up the errors in partial widths in quadra- 
ture. Thus we have ignored (obviously strong) correlations among separate branching 
fractions, but we hope that the error in (^) is right at least by an order of magnitude. 

In the instanton contributions to Rry/A have been evaluated by calculating the 
exponential correction to the coefficient function of the six-quark operator in the OPE of 
Ilv,A- Unlike ref. 0, the authors find sizable instanton contributions to the full hadronic 
decay width of r. These contributions are enhanced even more in the difference Rry-A 
and from ref. one can find: 

6'^''-6T' = 0M-0.1 => Riy_A = 0.09^0.15 (7) 

Comparison of this value with the result of the integration of experimental spectra 
(^) and/or the measured branching fractions (H) leads to the conclusion that Rry-A 
is completely dominated by the instanton contributions leaving no space for standard 
condensate terms. However, in view of numerical uncertainties in instanton calculations 
this result should be tested more carefully. 

III. Let us remind that within SVZ [^] approach Ily-A has the theoretical expression 

nv_A(-g ) - -^ + ^ + — ^, — + — ^, — + ... (8) 

where by Wi, W2 we denote dimension 2,4 operators which vanish in the chiral limit, 
C^ < O^ > comes from the four-quark operators and C^ < O^ > is the contribution 
of dimension D = 8 operators. Note that pure perturbative contributions cancel in the 
difference of vector and axial- vector current correlators (M) . 



Using the dispersion representation for IIv-a{Q'^) it is easy to obtain a set of finite 
energy sum rules: 

Wi = / p{s)ds (9) 

Jo 

Wi = / sp{s)ds (10) 

Jo 

C^ <0^>=- r s^p{s)ds (11) 

Jo 

C^ <0^>= / s^p(s)ds (12) 

Jo 

where Sq is the onset of asymptotic regime. Since asymptotically p{s) -^ 0, Sq in eqs.(9- 
12) can be replaced by infinity. Then the first two of these equations coinside with the 
two Weinberg sum rules Jill while the last two are the FESRs used for determining 



corresponding condensates [|l^. 

One can easily notice that (^ is essentially the combination of FESRs (|9|) , ([TT|) and 
(p!^ with the upper limit of integration substituted by M^. This substitution however 
is numerically unimportant due to the vanishing of p{s) at high s values and the double 
zero of the integration weight at s = M^. With account of (||), (|11]) , (|T2|) equation (^ can 
be rewritten as 

where we have used the superscript F to indicate that the corresponding quantities are 
determined through FESRs. Let us note that dimension D = 8 contribution, neglected 
in [^, is still important in our case. 

In the authors essentially calculate the instanton contributions to FESRs like (|9|-p^ 
in the vector and axial- vector channels and their combination (0). Their results imply 
that equations (p|-p!^) are strongly modified by contributions from dimension 18 term in 
(^) due to instanton effects. Comparison of equations (^0) could lead to the conclusion 
that the standard condensate contributions to FESRs (|9|-|T^ are much less than that 
of small size instantons. In this case the condensates should be far smaller than their 
presently accepted values, obtained mostly by FESRs. However this would cause a sharp 
disagreement with the Borel transformed SR where the corresponding contributions are 
factorially suppressed. Now we are going to check this effect. 

Let us consider the BTSR for Hy-A 

Wi W2 C^ <0^> C^ <0^> f , , ,-s,ds 



+ ... = /pWexp(^)^ (14) 



M2 M4 2M6 6M8 

and for Q^U{Q^) 

W2 C^ <0^> C^ <0^> /■ _ ,-s^ s ds 



where the dots stand for contributions of higher dimension operators which are suppressed 
factorially. 



Neglecting the contributions of dimension D > 10 and taking different values of the 
Borel parameter M^ in equations ([T^), (p!5|) we are able to construct exactly the same 



combination of condensates as the one entering eq.(|T 






Rry-A = 127r (^^ + — + —^ ) 

127r^ /", ,—s, s ,—s 



M2 /[^-P(]i|) + ii|^^P^ii|)]/'(^)^^ ^16) 

where Mf = M^/S.IS ^ O.eCeF^^ M| = M^/3.17 ^ IGeV^. 

According to ref.[0 the instanton contributions in (p^ ) should be negligible, being 
suppressed by 7!. Hence the difference of eqs.(^) and ([TBD is just the measure of instanton 
contributions calculated in ^ 

TDinst p jdB fT^\ 

^ry-A - ^ry-A - ^ry-A U ') 



Taking the difference of @j and (piq) and performing integration with the measured 
spectral density Q, |T^ we can now evaluate 



= 0.018 ±0.014 d^ 



This result can be improved even further if we use the BTSR for Q^n(Q^) as well. 
In this case we can construct the representation of R^y_y^ with zero coefficient of the 
dimension D = 10 condensate, which is presumably the dominant correction neglected in 
(jTSl). In this case the instanton corrections should be still suppressed by 6!. The result 



for -R™y_^, analogous to ([T8|), looks hke: 

= (l±3)-10-2 (19) 

where Mf = M^/2.95 ^ l.lGeV\ M^ = M^/1.5 ^ 2.1GeV'^, M^ = M^/l.Ol ^ 3GeV^ 
and f3 = 2.86. Note that in this equation D=12 term is also suppressed, stronger than 
say in eq.(0. 

Taking three standard deviations in ( pj]) we conclude that 

i?ty-A < 0.01 (20) 

which is at least an order of magnitude less than (|^) 
Assuming that the relation obtained in 0] 

^T = Ky+A - 2Q^ry-A l^J-j 



is still valid, we obtain the following estimate for instanton contributions to the r decay 
width 

which is at least an order of magnitude less than the result of [0 and even much less than 
standard condensate contributions evaluated in |]l|. 

IV. Thus, analysing the sum rules for 'n.y_A, at the present level of accuracy we can 
see no sign of discrepancy between FESR and BTSR which could signal the presence of 
instanton contributions. Note that such contributions could lead to serious inconsistencies 
in BTSR for vr -^ ez/7 decay axial form factor and for the pion electromagnetic mass 
difference |T^ which are also determined by liy-A- 



Instanton contributions to the r hadronic width are smaller than the standard con- 
densate corrections by more than order of magnitude and thus arise no difficulties for 
improvement of accuracy in a^ determination. The main problem still is the evaluation 
of O(a^) perturbative contributions |T3[ . 
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